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1. Context
In the second half of the 20th century, the measure theory [1] was increasingly popular. It
has had a great deal of importance in the develop of several areas, as the fuzzy measures
[2], the necessity and possibility measures [3, 4], the capacity measures [5], etc.
We focus on fuzzy measures. These monotonic set functions define a type of nonadditive measures encompassing many measures such as belief, possibility, necessity or
plausibility measures [6]. Fuzzy measures have been widely analyzed [7, 8] and applied in
many fields. Unfortunately, the practical implementation of fuzzy measures is complex
(2n coefficients are needed to define a fuzzy measure over n individuals), and the related
semantic is difficult to understand [9]. Many researchers have focused their attention on
the characterization, interpretation and representation of fuzzy measures, which may be
understood as some specific cooperative games for which monotony holds.
In an attempt to understand fuzzy measures, it turns essential the analysis of the
interactions between the individuals. As extension of the Shapley value [10], it was
defined the interaction index [11], axiomatically characterized to measure the interaction
phenomena between individuals regarding a fuzzy measure, players in cooperative game
theory, or criteria in multicriteria decision analysis [12]. As a generalization of this index,
it was defined the representation index to cope with the relations of any set. In this work
we deeply analyze and understand these indices, providing an alternative and simpler
characterization of them as well as a novel methodology to estimate their real value
(which is a N P −problem in general scenarios).
2. State of Art
Many researchers have focused their attention on the characterization, interpretation
and representation of fuzzy measures and the interaction of the individuals Probably,
the first attempt to the analysis of interactions is due to Owen [13], followed by the
works of Roubens [14] and Marichalar and Roubens [15]. The notion of interaction
index, that may be understood as an extension of value [16–19] is essential to measure
and interpret the relations between the individuals regarding a fuzzy measure, and it
may refer to both redundancy and complementary effects between players or coalitions.
It is worth highlighting the importance index Shapley value [10], an essential tool in
game theory which has been adapted to the field of fuzzy measures, in which it could be
understood as an indication of the importance of each singleton. This index has been
deeply studied from a theoretical point of view [20, 21]. Nevertheless the calculation
of its real value for general fuzzy measures is a N P -problem. Until not that long ago,
there were only a few works to approximate this index in some specific problems, for
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example, when the population has some particular properties [22, 23]. In 2009, Castro et
al. proposed a method based on sampling to approximate the Shapley value [24]. It was
generalized in [25] by a stratified random sampling with optimum allocation process.
It is also interesting to analyze the interactions among several elements [26]. In 1993,
Murofushi and Soneda defined the interactions index between two individuals [11], which
quantifies its average contribution considering all the subsets it is part of. Then, in 1997,
Grabisch proposed an extension of this index to deal with sets involving more than two
elements [27]. As with the Shapley value, the approximation of the real value of these
indices has not been studied in depth for general scenarios, due to its great complexity.
We propose an alternative characterization based on orders of this interaction index,
for both the simple case related to pairs of elements, and the corresponding extension to
deal with any set. This new formulation of the interaction index (and of the representation index), provides a different and intuitive understanding of this it. Then, following
the idea of sampling in [24, 25], we define two methods to approach the value of the
interaction index. Both are based on sampling, where the second one is a refinement of
the very first, but also using stratified random sampling with optimum allocation.
3. Main Contributions
• Proposal of an alternative characterization of the interaction index based
on orders. Murofushi and Soneda [11] introduced an interaction index Iij (µ) based
on several concepts related to multi-attribute utility theory to model the interactions
between pairs of elements i, j regarding the fuzzy measure µ, i.e. to estimate the degree
to which a pair of elements interact. Iij (µ) can be seen as an average of the added
value obtained by considering i and j in the same coalition, depending on µ. In fact,
considering a singleton, the Shapley value coincides with the interaction index. We
work in an alternative characterization of the interaction index based on orders and
permutations, which provides a simpler view of it.
On the other hand, in [27], by analogy with the first- and second-order classes, Grabisch proposed a generalization of Iij , IT (µ) to represent interactions among the elements
of any set T regarding the fuzzy measure µ. This index, named representation index, is
useful to quantify the average contribution of a coalition when considering all the subsets
it is part of. Once again, for T = {i}, recovers Shi (µ), and Iij for T = {i, j}. As with
Iij , we propose an alternative characterization of IT based on orders.
These characterizations provide us a new view of the interaction indices (for pairs of
individuals or bigger sets) as an average of the added value obtained by considering them
in the same coalition, depending on the involved fuzzy measure.
• Development of a new methodology to approach the real value of the interaction index (and the representation index). The complexity of Shapley value
calculation is well-known: it is a N P −problem for general fuzzy measures (there cases
several specific cases for which the computation process is simpler). Although this index
has been deeply analyzed from a theoretical perspective, from the best of our knowledge,
until not that long ago, there were only a few works that propose an approach to approximate its real value. Furthermore, these references are focused on some specific problems
until the proposals in [24, 25].
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This lack of practical analysis of the Shapley value also occurs with the interaction
index. Its calculation can be done in polynomial time only for a few simple fuzzy measure, and there is not much research about feasible estimations of it. Inspired by [24, 25],
we propose a new polynomial-time methodology to approach the interaction index, developed on the basis of its alternative characterization based on orders. We define two
polynomial-time algorithms to estimate the real value of the interaction index. The first
one, named ApproInteraction, is based on simple random sampling. In the full work we
detail the step-by-step process and provide its pseudo-code for easy adaptation to any
programming language. The obtained estimation has some desirable properties, specifically, it is unbiased and consistent in probability.
There are some situations in which the ApproInteraction algorithm may not be accurately enough, because of the large variance caused by simple random sampling, which
can be reduced with strata. We propose a refinement of the ApproInteraction algorithm
with the use of stratified random sampling named StratifiedApproInteraction, which improves the performance of the original method for cases with high variance. The key is
to divide the whole population into subpopulations, each of which is internally homogeneous and as heterogeneous as possible with respect the others groups. As with the
simple random sampling method, in the full work we show a detailed explanation of the
StratifiedApproInteraction algorithm, as well as its pseudo-code. Again, the estimated
value has desirable statistical properties, as being unbiased and consistent in probability.
Because of the lack of methods to estimate the interaction index, we can not compare
our algorithms with others. Then, we calculate the real value of I for several simple
fuzzy measures for which this calculation can be done in polynomial-time (considering
the alternative characterization based on orders), and we compare the real value with
the estimations. Both methods are so accurate, so the obtained results are exact and
reliable, so we can confirm the goodness of our methodology.
To wrap up this point, note that although we thoroughly explain and test the methods
with respect to the interaction index, the stratified procedure can be generalized in much
the same way to estimate other values, specifically for the representation index IT . In
fact, the process is summarized by the corresponding pseudo-code in the full text, named
Stratified ApproInteraction T algorithm.
Although we have focused on fuzzy measures, all the contributions may be adapted
to a more general scenario related to cooperative game. We can state it because fuzzy
measures can be understood as a subset of cooperative games with monotony.
All these contributions have culminated in the elaboration of a research paper, submitted to the high impact journal Fuzzy Sets and Systems to be published. At the time
of presenting this candidature, the paper is in the reviewers phase. We hope to receive
good news about its publication soon. Furthermore, all the results are included in the
doctoral thesis ‘Detección de comunidades en redes mediante el uso de medidas borrosas’,
and considered to develop some results in several papers, as [28, 29]
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