Summary of the work entitled
On optimal regression trees to detect critical intervals for
multivariate functional data
State of the art
Extracting knowledge from data is a crucial task in Statistics and Machine Learning, and is at the core
of many fields, such as Criminal Justice [34], Health Care [4] and Risk Management [2]. Mathematical
Optimization plays an important role in building such models and interpreting their output, see, e.g.,
[17] for a recent survey.
Classification and regression trees [27] are state-of-the-art methods based on recursive partitioning.
They show excellent learning performance, are conceptually simple, appealing in terms of interpretability because of their rule-based nature, computationally cheap and routines and packages to train them
are available in popular languages such as Python and R.
The main goal of a classification and regression tree is to predict, as accurately as possible, the
response variable using the predictor variables. On the top of this primary goal, other important
characteristics may need to be considered, such as, e.g., cost-sensitivity constraints to protect risk
groups [24]; fairness of the method avoiding the discrimination of groups that share sensitive features
such as gender and race [1]; and explainability properties, e.g., sparsity of the tree model [6] and local
interpretability of the model [28].
Since constructing optimal binary classification and regression trees is known to be an NP-complete
problem [22], early research traditionally focused on the design of greedy heuristic procedures that
require a low computational effort, e.g., CART [12]. These models cannot include the desirable global
structural properties mentioned above due to their greedy nature.
In recent times, and because of the availability of more powerful hardware and the dramatic advances in optimization solvers, there has been an increased interest by the Mathematical Optimization
community to develop novel approaches to build optimal decision trees. These new paradigms include
Mixed-Integer Linear Optimization (MILO) [7, 16, 20, 31], Continuous Optimization [9, 10, 11], Constraint Programming [30], SAT [29] and Dynamic Programming [15] approaches, as reviewed in [13].
Contrary to greedy approaches, formulating the design of the tree model as an optimization problem
allows one to easily include, either as hard or soft constraints, desirable global structural properties.
Optimal decision trees have mainly focused on the analysis of multivariate data. Nevertheless,
other kinds of complex data, such as functional data, are also of interest. Functional Data Analysis
[14, 18, 33] is the field of Statistics that extends the classic multivariate analysis to handle observations
of functional nature, and has applications in areas such as Biomedicine [26], Meteorology [23] and
Econometrics [25].
In principle, optimal decision trees, as any other standard multivariate approach, could address
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the analysis of functional data after discretizing the functions and converting them to vectors. Yet,
in general, the direct use of such techniques for functional data may have dramatic consequences, for
instance, the curse of dimensionality since lots of points are needed to summarize the information in
a curve [32]. Furthermore, the intrinsic characteristics of functional data may not be fully exploited:
multivariate approaches ignore the ordering and the spacing of a set of data values [19], and the strong
relationship between measurements in two consecutive instants is not taken into account, potentially
yielding multicollinearity problems [21]. For these reasons, it is preferable to develop models that take
advantage of the functional nature directly [3].

Summary
In this work, we propose a Continuous Optimization formulation, based on previous research of the
authors [9, 10, 11, 13], to build regression trees that handle multivariate functional data. It may happen
that simply using a finite number of instants [5] and/or intervals [8] in the domain of the functional
predictor variables is sufficient to produce accurate predictions. Our model controls explicitly the
number of intervals that are critical for prediction, as well as their length, and assigns to each of them
a single coefficient per functional variable that is constant for the whole interval. This has, in turn,
the advantage of being more interpretable and saves both monitoring and storage costs. In the case
of degenerate intervals with length equal to zero, critical instants would be detected instead.

Contribution to the literature
This work contributes to the literature in several directions. First, we address multivariate functional
data through optimal regression trees that are competitive in terms of prediction accuracy in realworld data sets. Second, our proposal is scalable with respect to the size of the training sample, since
there are no decision variables directly relating to the individuals, as opposed to MILO approaches to
build optimal trees. Third, the sparsity of the model is achieved through the inclusion of regularization
terms that control the number of non-zero coefficients, the number of predictor variables and, in the
case of functional ones, the proportion of the domain used for prediction. Fourth, our approach is
flexible allowing the incorporation of fairness and cost-sensitivity contraints. Finally, thanks to the
smoothness in the prediction function of our approach, a full sensitivity analysis can be performed in
order to study the impact that continuous predictor variables have on each individual prediction, thus
enhancing the local interpretability of tree models.
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[8] R. Blanquero, E. Carrizosa, A. Jiménez-Cordero, and B. Martı́n-Barragán. Selection of time
instants and intervals with support vector regression for multivariate functional data. Computers
& Operations Research, 123:105050, 2020.
[9] R. Blanquero, E. Carrizosa, C. Molero-Rı́o, and D. Romero Morales. Sparsity in optimal randomized classification trees. European Journal of Operational Research, 284(1):255 – 272, 2020.
[10] R. Blanquero, E. Carrizosa, C. Molero-Rı́o, and D. Romero Morales. Optimal randomized classification trees. Computers & Operations Research, 132:105281, 2021.
[11] R. Blanquero, E. Carrizosa, C. Molero-Rı́o, and D. Romero Morales. On sparse optimal regression
trees. European Journal of Operational Research, 299(3):1045–1054, 2022.
[12] L. Breiman, J. Friedman, C. J. Stone, and R. A. Olshen. Classification and regression trees. CRC
Press, 1984.
[13] E. Carrizosa, C. Molero-Rı́o, and D. Romero Morales. Mathematical optimization in classification
and regression trees. TOP, 29(1):5–33, 2021.
[14] A. Cuevas. A partial overview of the theory of statistics with functional data. Journal of Statistical
Planning and Inference, 147:1–23, 2014.
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